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It is shown that a permutation group on a finite set is the automorphism group 
of some directed graph if and only if a generalized Chinese remainder theorem 
holds for the family of stabilizers. This result can be apphed to examine some 
special permutation groups, including the general linear groups of finite vector 
spaces. 
1. INTRODUCTION AND TERMINOLOGY 
All sets, families, and groups in the first two sections are assumed to be 
finite. The cardinality of a set V is denoted by 1 V I. Permutations act on the 
left. A permutation group G on V is any subgroup of SV , the group of all 
permutations of V. For x E V, the stabilizer of x in G is G, = (f~ G 1 
f(x) = x}. A central role will be played by the family (GJzsv of stabilizers. 
We recall that an orbit of G is a minimal nonempty S C V such that for every 
f~Gf(% = S, and that G is regular if V is an orbit and the stabilizers 
are trivial. 
A directed graph D is an ordered triple D = (V, A, w), where V = V(D) 
and A = A(D) are arbitrary sets, and w  = wD is a mapping from A to the 
Cartesian square V2. The elements of V and A are called, respectively, vertices 
and arcs, and w  is called the incidence function. If w(a) = (x, y), then a is 
said to be an arc from x to y. The arc a is a loop if w(a) = (x, x). We deviate 
from the usual terminology by calling a directed graph D simple if A(D) 
is a subset of V2 and the incidence function is the identity. Thus, simple 
directed graphs can have loops. To define a simple directed graph, it suffices 
to specify its vertex set and its arcs. 
An automorphism of a directed graph D is a permutation f of V(D) such 
that for every x, y E V(D) the number of arcs from x to y equals the number 
of arcs from f  (x) to f ( y). The set of all automorphisms is a permutation group 
on V(D), denoted Aut D. It follows from the well-known theorem of Frucht 
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[6] that every group is isomorphic to the automorphism group of some 
directed graph. However, not every permutation group on a set Vis the auto- 
morphism group of some directed graph on vertex set I? The simplest 
counterexamples are the doubly transitive proper subgroups of SV , in parti- 
cular, the alternating groups AV , 1 V 1 > 4. 
PROPOSITION 1 .l. Let V be 
the following two conditions are 
any set. For every permutation group G on V 
equivalent : 
(i) G is the automorphism group of some directed graph D on V; 
(ii) G = (JiGI Aut Di f or some family (D& of simple directed graphs 
on V. 
Proof. (i) * (ii). For every nonnegative integer k let Dk be the simple 
directed graph with vertex set V, defined by 
A(&) = 1(x, y) E V2 I I q,Yx, y)l = 6. 
Clearly there is some integer n with the property that A(Dlc) is empty if 
k 2 n. We have 
AutD= n AutD,. 
hxn 
(ii) =$ (i). Let f be an injective function associating with every subset 
S of I some nonnegative integer f(S). Let D be a directed graph with vertex 
set V and such that for every X, y E V, the number of arcs from x to y is 
f ((i E I I (4 39 E fW&)- 
The automorphism group of D is G. 1 
COROLLARY 1.2. Let V be any set. The set of subgroups of Sy that are 
automorphism groups of directed graphs is closed under intersection. 
The above corollary does not hold if “directed graphs” is replaced by 
“simple directed graphs.” Indeed, let V be any set having at least four 
elements. Let D be a directed graph on V consisting of a component repre- 
sented in Fig. 1 and I V 1 - 4 isolated vertices. It is easy to see that Aut D = 
Aut D1 n Aut D2 , where D, and D2 are simple directed graphs. However, 
there exists no simple directed graph D’ on V with Aut D’ = Aut D. 
It can be seen without difficulty that for every directed graph D there is 
a loopless directed graph D’ on the same vertex set, and such that Aut D’ = 
Aut D. 
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FIGURE 1 
2. CHARACTERIZATION OF AUTOMORPHISM GROUPS OF DIRECTED GRAPHS 
Let S and S’ be subsets of an abstract group G. We define S-l = {x-l 1 x ES> 
and S’S’ = (xy 1 x E S, y E S’>. If x and y are elements of G such that x-ly E S, 
then we say that x is congruent to y modulo S and we write 
x = ymodS. 
This congruence relation is reflexive if and only if the unit element of G 
belongs to S, symmetric if and only if S-l = S. It is an equivalence relation 
if and only if S is a subgroup of G. The left regularity law 
Qx, y, z E G (x = ymodS +zx = zymodS) 
is always satisfied, while the right regularity law 
Qx, y, z E G (x = y mod S e xz = yz mod S) 
holds if and only if S is stable by every inner automorphism of G. In parti- 
cular, we have a regular group congruence if and only if S is a normal sub- 
group of G. The following is an obvious generalization of the classical Chinese 
remainder theorem. 
PROPOSITION 2.1. Let S, and S, be subsets of a group G such that S;’ = S1 
and S$ = S, . Let x1 and xz be arbitrary elements of G. Then the following 
two conditions are equivalent: 
(9 There exists an x E G satisfying the two simultaneous congruences 
x = xl mod S, , 
X-x2modS2; 
(ii) x, = x2 mod S,S, . 
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Proof. If x satisfies (I), then x;‘x, = (x;‘x)(x-lxz) belongs to S;‘S, = 
S1S2 . Conversely, assume that x;‘x, = s,sz , where s1 E S1 , s, E S, . Then 
-1 
x = XlSl = x.$z 
is a solution of the system (1). fi 
COROLLARY 2.2. Let (S&t be a family of subsets of a group G such that 
for every i E I, SC1 = Si . Let (x&r be a family of elements of G indexed 
by the same set I. If 
then 
3xEGViEI (X z xi mod Si), (2) 
Vi,jEI (Xi z ~j mod &Si). (3) 
We say that the Chinese remainder theorem holds for a family (S&, of 
subsets of a group G if for every family (x& of elements of G, condition (2) 
is equivalent to (3). We shall be interested in the case where all the S, are 
subgroups of G. But even then, the products SiSj need not be subgroups. 
PROPOSITION 2.3. Let (G& be a family of permutation groups on a 
set V. If for every i, the Chinese remainder theorem holds for the family of 
stabilizers of Gi , then it also holds for the family of stabilizers of the inter- 
section fii Gi . 
Proof. Let G = ni Gi and for every x E: V let fx be an element of G. 
Assume that 
vx, y G v (fs = fv mod WC,). 
For every i E I, we have a fortiori 
and applying the Chinese remainder theorem we can find a solution fi E Gi 
to the system 
VXE v (fi - ftz mod (G&J* 
Each fi , i E I, is obviously a solution of the system 
VXE v (fi = fz mod CW,). 
But it is easy to see that this sytem cannot have more than one solution in 
SV . This proves that all the fi , i E I, are the same permutation J Also we 
have f E ni Gi = G, proving that 
VXE v (f = fz mod 6). I 
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PROPOSITION 2.4. A permutation group G on a set V is the automorphism 
group of some directedgraph on vertex set V ifand only ifthe Chinese remainder 
theorem holds for the family (GJZEV of stabilizers. 
Proof. If G is the automorphism group of some directed graph, then 
according to Proposition 1.1 there exists a family (Di)cel of simple directed 
graphs on V such that G = ni Aut Di . Therefore, in view of Proposition 2.3 
it will suffice to show that the Chinese remainder theorem holds for the 
family of stabilizers of the group of any simple directed graph D. Let ( fz)aEV 
be a family of automorphisms of D such that 
VX,YEV ( fz - fv mod (Aut D),(Aut D),). 
Consider the mapping f from V to itself defined by f(x) = fz(x) for every 
x E V. First, we show that f is a permutation. Indeed, if fz(x) = fv( y), 
then fax Y> = x. By assumption, f;‘f, = g, g, for some g, E Aut D)Z , 
g, E (Aut D)y . But then 
x = f3XY~ = &c&(Y) = gz( Y), 
implying that x = y. This proves that f is injective. Since V is finite, f must 
be bijective. Next, let (x, y) be an arc of D. Let h = fz g, = fv g;‘, where 
g, E (Aut D), , g, E (Aut D)y . Since h is an automorphism of D, 
(f(x), f( y)) = ( fz(x), fv( y)) = (h(x), h( y)) is an arc of D. This shows that 
f is an automorphism of D, and it is obviously a solution of the congruence 
system 
QXE V (f = fz mod (Aut D)& 
This proves that the Chinese remainder theorem holds for the family of 
stabilizers. 
Conversely, assume that the Chinese remainder theorem holds for the 
family of stabilizers of the permutation group G. According to Proposition 1.1, 
to prove that G is the automorphism group of some directed graph on V, 
it will suffice to show that G = &, Aut Di for some family (Di)isl of simple 
directed graphs on V. For every x E V and every orbit C of G, , we define 
a simple directed graph D,,, with vertex set V by 
A(&,,) = t-j {(g(x), Y) I Y E g(C)% (4) 
eG 
Every h E G is an automorphism of every D,,c , so that G _C (lo,= Aut D,,, , 
where the intersection is taken over all x E V and all orbits C of G, . We shall 
show that for every f E nz,c Aut D,,, there is a family (fJZEV of elements of 
G such that 
VXE v (f = fz mod GE). (5) 
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This would implyfE G for every suchf, and the equality G = nz,c Aut D,,= 
would follow. To prove our claim, assume that f~ nS,, Aut Dznc . Observe 
that for every x E V the orbit of G containing x is 
Since f~ Aut D,,(,) for every x E V, it follows that every cycle off is con- 
tained in some orbit of G, i.e., for every x E V there is some fit E G with 
f%(x) = f(x). Obviously 
If we can show that 
vx,yc v (.L - h mod GM (7) 
then applying the Chinese remainder theorem we can find a solution g E G 
to the congruence system 
VXE v ( g = fE mod Gz). (8) 
A fortiori g will be a solution of the system 
VXE v ( g = fx mod (Wz). 
But this system can have only one solution. Comparing with (6) yields f = g, 
and (8) becomes (5). To prove (7), let us fix x, y E V. Let C be the orbit 
of G, containing y. Since f E Aut D,,c and (x, y) is an arc of D,,c, 
(f(W( Y)) = (fzCx),fA Y)) is also an arc of D,,, - Applying fd E G C 
Aut &,c we get (x,f;lf,( y)) E A(D,,,). By the definition (4) of D,,C this 
means that for some g, E G, , fi’f,( y) = g5( y), i.e., g;‘f;‘f, E G, . The 
congruence 
fz = fv mod G,G, 
immediately follows. a 
Remark. The underlying principle of the above proof is a generalization 
of the Cayley color graph construction [4, 121. Similar methods were also 
used by Jonsson [9, lo] and Plonka [13] in the description of automorphism 
groups of universal algebras. 
COROLLARY 2.5. Eoery permutation group generated 
tation is the automorphism group of some directed graph. 
single permu- 
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Proof. Camion et al. [3] have shown that the Chinese remainder theorem 
holds for every family of normal subgroups of a group G that generate a 
distributive sublattice of the lattice of all subgroups of G. If G is generated 
by a single element, then every subgroup of G is normal and the lattice of 
subgroups is distributive [l 11. 1 
COROLLARY 2.6. Every permutation group having at most two distinct 
stabilizers is the automorphism group of some directed graph. 
Proof. According to Proposition 2.1 the Chinese remainder theorem 
holds for any two subgroups of a group. g 
COROLLARY 2.7. Every permutation group G having at least one trivial 
stabilizer G, is the automorphism group of some directed graph. 
Proof. Let G be a permutation group on a set V, and let x E V such that 
G, is trivial. We show that the Chinese remainder theorem holds for the 
family of stabilizers of G. Let (jJyEV be a family of elements of G such that 
vy, 2 E v . (.A = fi mod W,). 
In particular, we have, since G, is trivial, 
COROLLARY 2.8. If at least one stabilizer G, of a permutation group G 
is trivial, then every subgroup of G is the automorphism group of some directed 
graph. 
COROLLARY 2.9. Every regular 
group of some directed graph. 
permutation group is the automorphism 
According to Proposition 1.1 and Corollary 2.9, every regular permutation 
group G is of the form G = ni Aut Di , where the Di are simple directed 
graphs. If we think of the different Di as represented in the same diagram, 
the arcs of each Di being distinguished from the other arcs by the assign- 
ment of some “color i,” then we have essentially a redundant Cayley color 
graph. 
Let V be an n-dimensional vector space over a q-element field F. Using 
Proposition 2.4 we can determine when the group GL(n, q) of invertible 
linear transformations of V is the automorphism group of some directed 
graph on V. 
PROPOSITION 2.10 [S]. GL(n, q) is the automorphism group of some 
directed graph on V if and only if n = 1 or n = q = 2. 
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3. GENERALIZATIONS TO THE INFINITE CASE 
All concepts defined in the preceding sections also apply if we make no 
restriction to finite cardinalities. Propositions 1.1, 2.1, 2.3, and 2.10 and 
Corollaries 1.2, 2.2, 2.6, 2.7, 2.8, and 2.9 are also valid in the infinite case. 
The infinite version of Proposition 2.4 is generally not true: It can be shown 
that if V is an infinite set, then the Chinese remainder theorem fails to hold 
for the family of stabilizers of the full symmetric group S, , despite the fact 
that the latter is the automorphism group of the arcless directed graph on V. 
However, Proposition 2.4 holds for those permutation groups G on an infinite 
set, all stabilizers of which are normal subgroups of G. In particular, this 
is the case if G is abelian (see [5]). Corollary 2.5 should be replaced by the 
following if infinite sets are allowed. 
PROPOSITION 3.1 [5]. A permutation group G generated by a single 
permutation is the automorphism group of some directed graph if and only 
if G is offinite order or it has an infinite orbit. 
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